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MISCELLANEOUS. 



Conducted by J. M. COLAW, Monterey, Virginia. All contributions to this department should be sent to him . 



SOLUTIONS OF PROBLEMS. 

42. Proposed by E. B. ESCOTT, 6123 Ellis Avenue, Chicago, Illinois. 
To find a triangle whose sides and median lines are commensurable. 

Solution by J. W. TESCH, in "L'Intermediare des Mathematiciens" (or October, 1896. Translated and 
adapted by J. H. COLAW, A. M., Monterey, Virginia. 

Suppose the sides to be 2a, 1 + 26— 6 2 + }a 2 , 1— 26— 6*+ja«; then we will 
have m,=±(l + 6 8 -la 2 ), 
m 8 2 =j[4a 8 + (l-26-& 2 +ia 2 ) 2 ]-Hl + 26-6 2 + ia 2 ) 2 , 

orm 2 2 =^o 4 + K17-66-6 2 )a 8 + l(l-126 + 26 2 + 126 3 + b 4 ). 

In order that the second member may be a perfect square, it is necessary 
that „'j(17-6&-6 2 ) 2 =4 x ^ x |(1 — 126+26 2 + 126 3 + 6 4 ), whence 26=3. 

Thus the sides become 2a, J + jft 2 , — V + i a2 i or 
(1) 16a, 2(a 2 + 7), ±2(a 2 -17); m,=±2(a 2 -13), m 2 = a 2 +23. 

We will have ra 3 2 = a 4 + 190a 2 — 191. The values of a, which render the 

second number a perfect square, are 1, 3, 5, ; ra 3 = 0, 40, 72, ; but 

none of these values satisfy (1) ; therefore, after the method of Euler, (Vollstan- 
dige Anleitung zur Algebra, or the French translation by J.-G. Gamier, 2 vols., 
with the additions of Lagrange, Paris, 1807), it is necessary to proceed as follows : 

By supposing a=3 + h, we may write 

(3+70 4 + 190(3 +fc) 2 -191=(40+pA + /» 2 ) 2 , 
where p is a coefficient to be determined. Developing, we have 
1248 + 244A + 12A 2 = 80j9 + (80+j9 2 )fe+2^ 2 . 
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If we take 80p = 1248 or ^ = 15 + 3/5, we find h=— (4+2/15), which gives 
a 2 = (17/15) 2 . We also have for the three sides, after some easy reductions : 
510, 466, 884, and for the medians 659, 683, 208. This is perhaps the simplest 
case in whole numbers. 

48. Proposed by H. C. WILKES, Skull Run, West Virginia. 

To find, if possible, a right angled triangle, the bisectors of the acute angles 
of which, can be expressed by integral whole numbers. 

I. Solution by M. A. GRUBER, A. M., War Department, Washington, D. C. 

Let ABC be a right triangle, right angled at C, AD the bisector of /.A, 
and BE the bisector of / B. 

Put BC=a, AC=b, AB=c, DC=a u EC=b u EB 
= c r , and AD = c 2 . Then BD—a.— a it and AE=b— &,. 

From geometrical relations we obtain a 2 + 6 8 =c 3 (1); 

c^^ac-bjib-b,) (2); b-b, : 6,=c : a (3). 

From (3) we get b : b t =c+a : a ; whence b,=ab/ 
(c+a), and 6— 6, =bc/(c + a). 

.-. c, 2 =ac— ao s c/(c + a) 8 =ac— ac(c 8 -a 2 )/(c+a) 2 =2(i 2 c/(c-f a). 

By a similar process, we find c 8 2 =2b 2 c/(c + 6). 

From (1), c 2 -6 2 =a 2 , or 0+o)(c-6) = a 2 . Put c+b = tp* and c-b^tq 1 . 
i, p, and q being any values. Then a=tpq, b=t(p 2 — q 2 )/2, and c = ((p 2 +g 2 )/2. 
Whence c, 2 =2t*p*qHp !t +q i )/(p + q)z, and c 2 2 = « 2 (p 2 - f y 2 ) 2 (p 2 + 9 2 )/4p 2 . 

When p 8 +(j 2 =D, e 2 2 =n, and c, 2 =2xn. When p 2 +q* = 2x a, 
c 2 s =2x □, and c, 2 = □. 

.•. Both bisectors cannot be rational ; one of them will be |/2times a num- 
ber, when the other is a rational whole number. 

II. Solution by tbe PROPOSER. 

Let bx, by, and x+y be, respectively, the sides and base of a right angled 
triangle, and let x and y be the greater and less segments of the base cut by the 
bisector. Then the bisector will be |/i/ 2 (6 2 + l) and if the bisector be integral, 
o 2 + 1 must= D . b must therefore be an improper fraction, and will always be 
the quotient of the sum of the other two sides divided by the bisected side. 

Now let CAB be a triangle, and let AB=x*+y s , CA—x i —y i and 
05=2xi/, CA + AB/CB=--x/y. 0/i/) 2 + l may be a square, but AB+CB/CA 
=(x + y)/(x—y). [(x+y)/(x—y)Y + 1 will be a multiple of the j/2 and cannot be 
a square. 

.-. If a rational right angled triangle have an integral bisector of one of its 
acute angles, the bisector of the other acute angle must be a multiple of ]/2 and 
and cannot be integral. 

[Remark. — On page 155, Vol. II. of the Monthly, we have, when the 
sides are 59.4107, 47.4072, 35.8067, the bisectors 40 and 50. It is doubtful 
whether the sides and bisectors both can be integral. Zerr.] 



